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Abstract
In this paper, we consider the nonlinear evolution equations such as Kawahara equation and modified Kawahara equation. By
using the tanh method and an exp-function method, the travelling wave solutions for the these equations are presented. New exact
travelling solutions are explicitly obtained with the aid of symbolic computation. The obtained solutions include compactons,
solitons, solitary patterns and periodic solutions.
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1. Introduction
In recent years, nonlinear evolution equations [1] in mathematical physics play a major role in various fields,
such as fluid mechanics, plasma physics, optical fibers, solid state physics, chemical kinematics, chemical physics
and geochemistry. Nonlinear wave phenomena of dispersion, dissipation, diffusion, reaction and convection are very
important in nonlinear wave equations. Concepts like solitons, peakons, kinks, breathers, cusps and compactons have
now been thoroughly investigated in the scientific literature [2–4]. Various powerful mathematical methods such as
the inverse scattering method [5], bilinear tranformation [6], the tanh–sech method [7,8], extended tanh method [9],
exp-function method [10–12], sine–cosine method [13,14], homogeneous balance method [15–17], pseudo spectral
method [18], Lie group analysis [19], homotopy perturbation method [20–24] and variational methods [25–28] have
been proposed for obtaining exact and approximate analytic solutions.
By using the solutions of an auxiliary ordinary differential equation, a direct algebraic method is described to
construct the exact travelling wave solutions for nonlinear evolution equations. By this method, the Kawahara and
modified Kawahara equations are investigated in [29].
Some doubly periodic (Jacobi elliptic function) solutions of the modified Kawahara equation are presented in closed
form [30]. The existence of compacton solutions and solitary patterns solutions for the Kawahara type equation are
demostrated in [31]. Existence and uniqueness of solutions to nonlinear Kawahara equations are obtained in [32].
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The Kawahara equation is
ut + uux + uxxx − uxxxxx = 0, (1.1)
It occurs in the theory of magneto-acoustic waves in plasmas and in theory of shallow water waves with surface
tension. Eq. (1.1) was first proposed by Kawahara in 1972 [33], as a model equation describing solitary-wave
propagation in media. In the literature, this equation is also referred as a fifth-order KdV equation or singularly
perturbed KdV equation [34].
The modified Kawahara equation is
ut + u2ux + puxxx + quxxxxx = 0, (1.2)
where p, q are non-zero real constants [35].
2. The tanh method
We now describe the tanh method for the given partial differential equations. This method was defined by
Malfliet [7] and Fan and Hon [36]. The tanh method was succesfully applied to nonlinear evolution equations
[37–40] and so on. Wazwaz was summarized the main steps introduced for using this method, as following [41]:
1. Wazwaz first consider a general form of nonlinear equation
P(u, ut , ux , uxx , . . .) = 0. (2.1)
2. To find the traveling wave solution of Eq. (2.1), he introduces the wave variable ξ = α(x − βt) so that
u(x, t) = U (ξ), (2.2)
where the localized wave solution U (ξ) travels with speed β. From this reason, we use following changes
∂
∂t
= −αβ d
dξ
,
∂
∂x
= α d
dξ
,
∂2
∂x2
= α2 d
2
dξ2
,
∂3
∂x3
= α3 d
3
dξ3
, . . .
(2.3)
and so on for the other derivates. Using (2.3) changes the PDE (2.1) to an ODE
P(U,U ′,U ′′,U ′′′, . . .) = 0. (2.4)
3. If all terms of the resulting ODE contain derivatives in ξ , then by integrating this equation, by considering the
constant of integration to be zero, we obtain a simplified ODE.
4. We then introduce a new independent variable
Y = tanh(ξ) or Y = coth(ξ) (2.5)
that leads to the change of derivates:
d
dξ
= (1− Y 2) d
dY
d2
dξ2
= (1− Y 2)
(
−2Y d
dY
+
(
1− Y 2
) d2
dY 2
)
d3
dξ3
= (1− Y 2)
((
6Y 2 − 2
) d
dY
− 6Y
(
1− Y 2
) d2
dY 2
+
(
1− Y 2
)2 d3
dY 3
) (2.6)
where other derivatives can be derived in a similar manner. We use a new independent variable [16]
Y = tan(ξ) or Y = − cot(ξ) (2.7)
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that leads to the change of derivates:
d
dξ
= (1+ Y 2) d
dY
,
d2
dξ2
= (1+ Y 2)
(
−2Y d
dY
+
(
1+ Y 2
) d2
dY 2
)
,
d3
dξ3
= (1+ Y 2)
((
6Y 2 + 2
) d
dY
+ 6Y
(
1+ Y 2
) d2
dY 2
+
(
1+ Y 2
)2 d3
dY 3
)
,
(2.8)
where other derivatives can be derived.
5. Introduce the ansatz
U (ξ) = S(Y ) =
m∑
k=0
akY
k (2.9)
where m is a positive integer, in most cases, that will be determined. Substituting (2.6) and (2.7) into the ODE (2.4)
yields an equation in powers of Y .
6. To determine the parameter m, we usually balance linear terms of the highest order in the resulting equation with
the highest order nonlinear terms. With m determined, equate the coefficients of powers of Y in the resulting equation.
This will give a system of algebraic equations involving the ak, (k = 0, . . . ,m), α and β. Having determined these
parameters, knowing that is a positive integer in most cases, using (2.9) we obtain an analytic solution in a closed
form.
The traveling wave solutions of many nonlinear ODEs and PDEs from soliton theory (and elsewhere) can be
expressed as polynomials of hyperbolic or elliptic functions. For instance, the bell shaped sech-solutions and kink
shaped tanh-solutions model wave phenomena in fluid dynamics, plasmas, elastic media, electrical circuits, optical
fibers, chemical reactions, bio-genetics.
3. The rational functions in exp(ξ) method
The exp-function method was first proposed by He and Wu in 2006 [10] and systematically studied in [11,12], and
was successfully applied to a KdV equation with variable coefficients [42], to high-dimensional nonlinear evolution
equations [43], to Burgers and combine KdV–mKdV (extended KdV) [44] equations, etc. In this section, we shall
seek a rational function type of solution for a given partial differential equation, in terms of exp(ξ), of the following
form
U =
m∑
k=0
ak
(1+ eξ )k , (3.1)
where a0, a1, . . . , am are some constants to be determined from the solution of (2.4).
Differentiating (3.1) with respect to ξ , introducing the result into Eq. (2.4), and setting the coefficients of the same
power of eξ equal to zero, we obtain algebraic equations. The rational function solution of the equation (2.1) can be
solved by obtaining a0, a1, . . . , am from this system [45].
4. Exact travelling solutions for Kawahara equation
As described in Section 2, we make the transformation
u = U (ξ), ξ = α (x − βt) (4.1)
and Eq. (1.1) becomes
−βU ′ +UU ′ + α2U ′′′ − α4U (5) = 0. (4.2)
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Following the balancing act procedure [7], we balance the highest order derivative term U (5) with the highest power
nonlinear term U 2, which yields m = 4. Therefore by use of the tanh method, we may choose a solution of (4.2) in
the form
U (ξ) = S(Y ) = a0 + a1Y + a2Y 2 + a3Y 3 + a4Y 4 (4.3)
where Y = tanh(ξ) or Y = coth(ξ) and a j ( j = 0, 1, 2, 3, 4) are constants to be determined later. Substituting
Eq. (4.3) in Eq. (4.2) and equating the coefficients of the powers Y , we then get the following algebraic relations:
−4a24 + 6720α4a4 = 0,
−7a3a4 + 2520α4a3 = 0,
−3a23 + 720α4a2 − 6a2a4 + 4a24 − 19200α4a4 − 120α2a4 = 0,
−6600α4a3 + 7a3a4 − 5a1a4 − 5a2a3 + 120α4a1 − 60α2a3 = 0,
4βa4 − 24α2a2 − 4a0a4 − 2a22 − 1680α4a2 + 6a2a4 + 19264α4a4 + 248α2a4 + 3a23 − 4a1a3 = 0,
−240α4a1 − 3a1a2 + 5808α4a3 + 114α2a3 − 3a0a3 + 5a2a3 + 5a1a4 + 3βa3 − 6α2a1 = 0,
−2a0a2 + 2βa2 + 4a1a3 − a21 − 152α2a4 − 7744α4a4 + 40α2a2 + 4a0a4 + 1232α4a2 − 4βa4 + 2a22 = 0,
−3βa3 − 1848α4a3 + βa1 + 3a0a3 − a0a1 + 3a1a2 + 136α4a1 + 8α2a1 − 60α2a3 = 0,
960α4a4 + 24α2a4 − 2βa2 − 16α2a2 − 272α4a2 + a21 + 2a0a2 = 0,
(4.4)
by using explicitly the Eqs. (4.3) and (4.4). Solving this system with the aid of the Maple Package, we obtain
α = 1
26
√
13, a0 = 69169 + β, a1 = 0,
a2 = −210169 , a3 = 0, a4 =
105
169
.
(4.5)
Substituting Eq. (4.5) in Eq. (4.3), we obtain exact travelling wave solutions for Eq. (1.1) of the form
u = 69
169
+ β − 210
169
tanh2
(
1
26
√
13(x − βt)
)
+ 105
169
tanh4
(
1
26
√
13(x − βt)
)
,
u = 69
169
+ β − 210
169
coth2
(
1
26
√
13(x − βt)
)
+ 105
169
coth4
(
1
26
√
13(x − βt)
)
.
(4.6)
If we choose the following solution forms of (2.7) and insert them into (4.2), equating the coefficients of the powers
Y , then we get the following algebraic relations:
−4a24 + 6720α4a4 = 0,
−7a3a4 + 2520α4a3 = 0,
−3a23 + 720α4a2 − 6a2a4 − 4a24 + 19200α4a4 − 120α2a4 = 0,
−6600α4a3 + 7a3a4 + 5a1a4 + 5a2a3 − 120α4a1 + 60α2a3 = 0,
−4βa4 + 24α2a2 + 4a0a4 + 2a22 − 1680α4a2 + 6a2a4 − 19264α4a4 + 248α2a4 + 3a23 + 4a1a3 = 0,
−240α4a1 + 3a1a2 − 5808α4a3 + 114α2a3 + 3a0a3 + 5a2a3 + 5a1a4 − 3βa3 + 6α2a1 = 0,
2a0a2 − 2βa2 + 4a1a3 + a21 + 152α2a4 − 7744α4a4 + 40α2a2 + 4a0a4 − 1232α4a2 − 4βa4 + 2a22 = 0,
−3βa3 − 1848α4a3 − βa1 + 3a0a3 + a0a1 + 3a1a2 − 136α4a1 + 8α2a1 + 60α2a3 = 0,
−960α4a4 + 24α2a4 − 2βa2 + 16α2a2 − 272α4a2 + a21 + 2a0a2 = 0,
−120α4a3 + 6α2a3 − βa1 + a0a1 + 2α2a1 − 16α4a1 = 0.
(4.7)
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We get the following set equalities:
α = i
2
√
13
, a0 = 69169 + β, a1 = 0,
a2 = 210169 , a3 = 0, a4 =
105
169
.
(4.8)
Similarly, we get the following exact solutions:
u = 69
169
+ β + 210
169
tan2
(
i
26
√
13(x − βt)
)
+ 105
169
tan4
(
i
26
√
13(x − βt)
)
,
u = 69
169
+ β + 210
169
cot2
(
i
26
√
13(x − βt)
)
+ 105
169
cot4
(
i
26
√
13(x − βt)
)
.
(4.9)
Now we shall seek a rational function type of solution to the Kawahara equation, in terms of exp(ξ). By use of the
exp-function method, we may choose the solution of (4.2) in the form
u = a0 + a11+ eξ +
a2(
1+ eξ )2 + a3(1+ eξ )3 + a4(1+ eξ )4 . (4.10)
Differentiating (3.1) with respect to ξ , introducing the result into Eq. (4.2), and setting the coefficients of the same
power of eξ equal to zero, we obtain these algebraic equations:
βa1 + α4a1 − a0a1 − α2a1 = 0,
2a2 − 2a0a2 + 7a1 − 8α2a2 − 7a0a1 − α2a1 − 23α4a1 + 32α4a2 − a21 = 0,
243α4a3 − 198α4a2 + 21βa1 + 12βa2 + 9α2a1 − 3a0a3 − 6a21 − 9α4a1
− 27α2a3 + 3βa3 − 3a1a2 − 12a0a2 − 21a0a1 − 18α2a2 = 0,
−15a0a3 + 95α4a1 + 25α2a1 − 885α4a3 − 4a0a4 − 150α4a2 + 6α2a2
− 64α2a4 − 35a0a1 − 15a1a2 − 30a0a2 − 4a1a3 + 30βa2 − 51α2a3
+ 35βa1 − 2a22 + 15βa3 + 1024α4a4 + 4βa4 − 15a21 = 0,
−35a0a1 − 8a22 − 3284α2a4 − 16a1a3 − 16a0a4 + 35βa1 + 6α2a3
+ 95α4a1 − 5a1a4 + 40βa2 + 30βa3 − 76α2a4 + 44α2a2 − 150α2a3
− 40a0a2 − 20a21 + 25α2a1 − 5a2a3 + 340α2a2 − 30a1a2 − 30a0a3 + 16βa4 = 0,
−30a0a3 − 30a0a2 + 54α2a3 − 12a22 − 24a0a4 − 15a21 − 6a2a4 − 9α4a1 − 15a1a4
+ 2124α4a4 − 30a1a2 − 15a2a3 − 24a1a3 + 36α2a4 + 30βa3 + 30βa2 + 36α2a2
− 3a23 + 810α4a3 + 21βa1 + 180α4a2 + 9α2a1 − 21a0a1 + 2βa4 = 0,
−78α4a2 + 6α2a2 − 7a0a1 − 12a0a2 − 15a1a2 + 15βa3 + 21α2a3 − 23α4a1
− 15a0a3 − α2a1 + 12βa2 + 7βa1 − 165α4a3 − 6a21 − 15a1a4 − 15a2a3
− 7a3a4 − 16a0a4 + 44α2a4 − 16a1a3 − 8a22 − 12a2a4 − 6a23 − 284α4a4 + 16βa4 = 0,
2α4a2 − 2α2a2 − a0a1 − 2a0a2 − 3a1a2 + 3βa3 − 3α2a3 + α4a1 − 3a0a3
−α2a1 + 2βa2 + βa1 + 3α4a3 − a21 − 5a1a4 − 5a2a3 − 7a3a4 − 4a24
− 4a0a4 − 4α2a4 − 4a1a3 − 2a22 − 6a2a4 − 3a23 + 4α4a4 + 4βa4 = 0.
(4.11)
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With the aid of Maple, the solutions of these algebraic equations are found to be
α =
√
13
13
, a0 = β − 36169 , a1 = 0,
a2 = 1680169 , a3 = −
3360
169
, a4 = 1680169 .
(4.12)
Substituting Eq. (4.12)in Eq. (4.10), we obtain exact solutions for Eq. (1.1) of the form
u = β − 36
169
+ 1680
169
1(
1+ e
√
13
13 (x−βt)
)2
− 3360
169
1(
1+ e
√
13
13 (x−βt)
)3 + 1680169 1(
1+ e
√
13
13 (x−βt)
)4 . (4.13)
5. Exact travelling solutions for the modified Kawahara equation
Let u = U (ξ), ξ = α (x − βt); then Eq. (1.2) becomes
−βU ′ +U 2U ′ + pα2U ′′′ + qα4U (5) = 0. (5.1)
Balancing U (5) with U2U ′ leads to following ansatz :
U (ξ) = S(Y ) = a0 + a1Y + a2Y 2. (5.2)
Substituting (5.2) into (5.1) and setting the coefficients Y k(k = 0, 1, . . . , 7) to zero, we obtain following set of
nonlinear algebraic equations:
−2a32 − 720qα4a2 = 0,
−5a1a22 − 120qα4a1 = 0,
2a32 − 4a0a22 + 1680qα4a2 − 24pα2a2 − 4a21a2 = 0,
5a1a22 + 240qα4a1 − 6pα2a1 − 6a0a1a2 − a31 = 0,
4a21a2 − 2a20a2 − 1232qα4a2 − 2a0a21 + 40pα2a2 + 2βa2 + 4a0a22 = 0,
8pα2a1 + 6a0a1a2 − a20a1 + a31 + βa1 − 136qα4a1 = 0,
−16pα2a2 + 2a0a21 + 272qα4a2 + 2a20a2 − 2βa2 = 0,
−2pα2a1 + a20a1 − βa1 + 16qα4a1 = 0.
(5.3)
Solving these algebraic equations by use of Maple, we obtain:
β = − 1
10
p2 + 240q2α4
q
a0 = − p − 40qα
2
i
√
10q
,
a1 = 0, a2 = 6i
√
10qα2.
(5.4)
Substituting Eq. (5.4) in Eq. (5.1), we obtain exact travelling wave solutions for Eq. (1.2) of the form
u = p − 40qα
2
√
10q
i+ 6i√10qα2 tanh2 (α (x + 1
10
p2 + 240q2α4
q
t
))
,
u = p − 40qα
2
√
10q
i+ 6i√10qα2 coth2 (α (x + 1
10
p2 + 240q2α4
q
t
))
.
(5.5)
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If we choose the following solution forms of (2.7) and insert them (5.2), equating the coefficients of the powers Y
then we get the following algebraic equations:
2a32 + 720qα4a2 = 0,
5a1a22 + 120qα4a1 = 0,
2a32 + 4a0a22 + 1680qα4a2 + 24pα2a2 + 4a21a2 = 0,
5a1a22 + 240qα4a1 + 6pα2a1 + 6a0a1a2 + a31 = 0,
4a21a2 + 2a20a2 + 1232qα4a2 + 2a0a21 + 40pα2a2 − 2βa2 + 4a0a22 = 0,
8pα2a1 + 6a0a1a2 + a20a1 + a31 − βa1 + 136qα4a1 = 0,
−16pα2a2 + 2a0a21 + 272qα4a2 + 2a20a2 − 2βa2 = 0,
2pα2a1 + a20a1 − βa1 + 16qα4a1 = 0.
(5.6)
Solving these algebraic equations by use of Maple, we obtain
β = − 1
10
p2 + 240q2α4
q
, a0 = − p + 40qα
2
i
√
10q
,
a1 = 0, a2 = 6i
√
10qα2.
(5.7)
Similarly, we obtain other travelling wave solutions of Eq. (1.2):
u = p + 40qα
2
√
10q
i+ 6i√10qα2 tan2 (α (x + 1
10
p2 + 240q2α4
q
t
))
,
u = p + 40qα
2
√
10q
i+ 6i√10qα2 cot2 (α (x + 1
10
p2 + 240q2α4
q
t
))
.
(5.8)
Now we shall seek a rational function type of solution to the modified Kawahara equation, in terms of exp(ξ). By
use of the exp-function method, we may choose the solution of (5.2) in the form
u = a0 + a11+ eξ +
a2(
1+ eξ )2 . (5.9)
Differentiating (3.1) with respect to ξ , introducing the result into Eq. (5.2), and setting the coefficients of the same
power of eξ equal to zero, we obtain these algebraic equations:
−pα2a1 − qα4a1 − a20a1 + βa1 = 0,
−5a20a1 + 2βa2 + 5βa1 + 25qα4a1 − 32qα4a2 − 2a0a21 − 8pα2a2 − 2a20a2 + pα2a1 = 0,
−6a0a1a2 − 10a20a1 − 8a20a2 − 40qα4a1 − 2pα2a2 + 10βa1
+ 8pα2a1 + 262qα4a2 − a31 + 8βa2 − 8a0a21 = 0,
−12a20a2 − 10a20a1 − 342qα4a2 + 10βa1 + 12βa2 − 4a0a22 + 8pα2a1
− 3a31 − 18a0a1a2 − 40qα4a1 − 12a0a21 + 18pα2a2 − 4a21a2 = 0,
−5a20a1 − 8a20a2 + 8βa2 − 3a31 + 10pα2a2 + 5βa1 − 18a0a1a2
+ 82qα4a2 − 8a0a22 − 8a0a21 + pα2a1 − 5a1a22 + 25qα4a1 − 8a21a2 = 0,
−2a32 + βa1 + 2βa2 − a20a1 − 4a0a22 − 2pα2a2 − 2a20a2 − 4a21a2
− 5a1a22 − 6a0a1a2 − qα4a1 − 2qα4a2 − pα2a1 − 2a0a21 − a31 = 0.
(5.10)
1120 E. Yusufog˘lu, A. Bekir / Computers and Mathematics with Applications 55 (2008) 1113–1121
By Maple, the solutions of these algebraic equations are found to be
β = − 1
10
p2 + 15q2α4
q
, a0 = p + 5qα
2
√
10q
i,
a1 = 6i
√
10qα2, a2 = −6i
√
10qα2.
(5.11)
Similarly, we obtain rational exponential solutions for Eq. (1.2) of the form
u = p + 5qα
2
√
10q
i+ 6i
√
10qα2
1+ eα
(
x+ 110 p
2+15q2α4
q t
) − 6i
√
10qα2(
1+ eα
(
x+ 110 p
2+15q2α4
q t
))2 . (5.12)
6. Conclusion
In this study, we have shown that the Kawahara and modified Kawahara equations possess periodic and solitary
type solutions in general. We have used the tanh method to derive exact solutions with distinct physical structures.
Some of the results are in agreement with the results reported by others in the literature, and new results are formally
developed in this work. By the tanh method and computerized symbolic computation, we have found some new types
of exact travelling wave solutions of the Kawahara and modified Kawahara equations. This suggests that one can find
different solitary wave solutions by choosing a different method. It also should be noted that our method not only can
generate regular solutions, but also singular ones involving sech, csch functions.
The results have revealed remarkable properties of the shapes in that the solutions may come as compactons,
solitary patterns, periodic solutions, or solitons depending on the method used. The tanh method is not appropriate for
obtaining compactons or solitary patterns solutions. The availability of computer systems likeMathematica orMaple
facilitates the tedious algebraic calculations. The method that we have proposed in this letter is also a standard, direct
and computerizable method, which allows us to do complicated and tedious algebraic calculation.
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